How to construct a correlated net 
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(a) We propose a "static" construction procedure for random networks with given correlations 
of the degrees of the nearest-neighbor vertices. This is an equilibrium graph, maximally random 
under the constraint that its degree-degree distribution is fixed, (b) We generalize the notion of 
preferential linking and introduce a new category, pair preference and a pair preference function for 
the attaching of edges to pairs of vertices. This allows dynamically generate equilibrium correlated 
networks. 
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The basis of the network science (see recent reviews 
) are construction procedures. There are four main 
construction procedures of networks (and a large number 
of their versions and variations) : 

(i) The classical random graphs of Erdos and Renyi 
|Q, which are graphs with a Poisson degree distri- 
bution obtained by the random connection of their 
vertices. 

(ii) The random graphs with a given degree distri- 
bution, or, more rigorously, the labeled random 
graphs with a given degree sequence, which are also 
called the configuration model, see Refs. §. These 
are the graphs, maximally random under the con- 
straint that their degree distribution is a given func- 
tion. Dynamical constructions for these graphs, in- 
corporating the mechanism of preferential linking, 
are discussed in Refs. Hf7j. 

(iii) Small-world networks, that is, the superposition 
of the regular lattices and the classical random 
graphs, which were introduced by Watts and Stro- 
gatz H and combine the compactness of the clas- 
sical random graphs and the strong clustering of 
many regular lattices. 

(iv) Networks, growing under the mechanism of prefer- 
ential linking (including, as a particular case, ran- 
dom linking), which were introduced by Barabasi 
and Albert @. 

The simple types of correlations in networks are: 

(1) Pair degree-degree correlations, which are the cor- 
relations of the degrees of the nearest-neighbor ver- 
tices (see, e.g., Ref. ]l0|). These correlations are 
described by the distribution of the degrees of the 
end vertices of a randomly chosen edge, P(k,k'). 
The absence of pair correlations means the follow- 
ing factorization: 
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(2) Loops, and, in particular, clustering, since the clus- 
tering coefficient of a network is actually "the con- 
centration" of loops of the length three in a net- 
work. 

Constructions (i) and (ii) generate uncorrelated 
graphs: degree-degree correlations and the relative num- 
ber of loops approaches zero in the thermodynamic limit 
(the limit of an infinite network). 

Constructions (iii) and (iv), as a rule, produce corre- 
lated networks. Construction (iii) leads to a finite clus- 
tering even in the thermodynamic limit. Construction 
(iv) effectively generates pair correlations. 

Here we briefly describe natural constructions of equi- 
librium correlated graphs. 

Static (geometric) construction. — This is the direct 
generalization of construction (ii): a construction pro- 
cedure for a graph with a given degree-degree distribu- 
tion for nearest neighbors, P(k,k'), and a fixed number 
of vertices, N. In the spirit of the configuration model, 
this is the statistical ensemble of random graphs, which 
contains all graphs with a given P(k, k'), where each re- 
alization is taken with equal statistical weig ht. In Ref. § 
we called such constructions a microcanonical ensemble 
of random graphs. 

How can such graphs be constructed for large TV? No- 
tice that in these networks, the ordinary degree distribu- 
tion follows from the degree-degree distribution: 
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This relation gives the function P(k) up to a constant 
factor, which, in turn, can be obtained from the normal- 
ization condition J2k W — 1- Thus we get 
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and so the total number of edges is known, L — kN/2. 

So, we have N and L fixed and can formulate the con- 
struction procedure as it follows: 
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(a) Using the given P(k, k') find the total number of 
edges, L. 

(b) Create the infinite number L of pairs of integers 
(k,k') distributed as P(k,k'), These are L edges 
with ends of degrees k and k' . Therefore we have 
edges labeled by degrees of their ends but yet have 
no vertices. 

(c) Select, at random, groups of ends of degree k, each 
one consisting of k ends. Tie them in bunches, each 
of k tails, that is, attach them to vertices of degree 
k. 

One can check that this procedures is possible in the 
thermodynamic limit, and it generates tree- like (locally) 
graphs with the relatively low number of loops like con- 
struction (ii). 

Dynamical construction. — We can also construct such 
graphs dynamically. For example, this can be made by 
applying the following process on a graph. Randomly 
selected edges are removed to new positions chosen pref- 
erentially, that is, to pairs of vertices chosen with a pref- 
erence f(k, k'). In the long-time limit, we obtain an equi- 
librium network with degree-degree correlations. 

Here we introduce a new category, pair preference and 
a pair preference function. This is a more general notion 
than a one-vertex preference, where the probability that 
the edge becomes attached, f(k), depends only on the 
degree of a vertex. Indeed, an edge has not one but two 
ends. In general, they must become attached not to one 
but to two vertices, and so it is a combination of two 



degrees that is natural form of preference |11|. 

In this dynamical construction (in fact, this is a canon- 
ical ensemble of correlated random networks, see Ref. 
j7|), the given preference f(k,k') and the total number 
of edges, L, determine P(k,k'). 

Note added. — Another construction of correlated net- 
works, which is close to the above dynamical construc- 



tion, was recently proposed by Berg and Lassig, Ref. [Q 
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Preferential attachment was introduced by using a rather 
specific network, a citation graph: the Barabasi- Albert 
model H . In such graphs, new vertices become attached 
to old ones, and actually only one of the ends of the each 
edge becomes attached preferentially. In this situation 
the usual form of prefer ence, f(k), is the o nly possibility. 
J. Berg and M. Lassig, cond-mat/020558£ . 
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